Optimal Phase Margin
for Minimal Settling Time
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Introduction

What isthe truth to the rumor that the optima phase margin for minima settling time is 45 deg, 60 deg, 64 deg,
or critical damping? What phase margin corresponds to critica damping? These questions will be answered in this
report with specific gpplication to second order systems consisting of a dominant and non-dominant poles.

Inputs
SNR := 80dB



Phase Margin, Q and Damping Factor

The open loop response of most second order systems can be represented in the following form. Thisform
assumesinfinitegain & DC. Thisassumption resultsin neglible error for DC gains greeter than 10, which is the case for
most operationd amplifierswith DC gainstypicdly greater than 500.
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The dosad loop transfer function given this forward path gain is given by the following equetions. In this closed

loop response the feedback factor is assumed to unity, asit will be lumped into w,.
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The closed loop gain can be expressed in terms of Q, damping factor, phase margin, or as afunction of
nor-dominant pole location with regpect to unity gain bandwidth

wo = wux/ p2_wu
Q(p2_wu) = z(p2_wu) = VP2 PM(DZ_WU) =90 - 150 >atan%e 1 9
p2_Wu 2 P ep2_wi g

This phase margin expression assumes, the unity gain bandwidth is entirely determined by the dominant pole. In
practice, the non-dominant pole will reduce the redl unity gain bandwidth from the expected value. For properly
placed non-dominant pole this error is only about 5%, as shown in the following figure:
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30

20

10

Bandwidth loss (%)

p2/wu

As adesigner we have control over the pole locations, which is swept in the following plots to show the
rel ationship between non-dominant pole location and Q, phase margin and damping factor.
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Transient Response

In this section, the settling timeisfound. Thisfirst requires the transent response be found. For a second order
system, three possible equations can result, depending on whether the response is under, over, or criticaly damped.

Critically damped
For acritcally damped system, the damping factor isone. This response has atransent response and settling

error given by the following expresson
h(wot) :=1- (wot + 1)>e(- wor)
errO(th) =- (th + 1)>e<p( th)

Underdamped
For damping factors less than one, the system is underdamped. Thisisthe preferred operating condition for

dmog dl sysemsfor minimum settling time.

pa(p2_wu) = (p2 wu) ++ 2(p2_wu)’ - 1 pa(p2_wu) := 2(p2_wu) - {z(p2_w)’ - 1
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Overdamped

An overdamped system isvery dow. However it is often used in systems with large process variations, to
avoid crossing into extreme underdamped scenarios.

h(t) =1+ ﬁﬂp( p1>Wo>f) - (_1))9@( p2>W0>¢)

P1- P2

p2(p2_wu) (- palo2 ) - pa(p2_wu)

p2_wu - 4 \/ p2 wu - 4

er2(p2_wu, wor) := >e<p( pz(DZ_W)W)



Overall Error vs. Non-Dominant Pole Location
The three trandent responses are merged into the following expression

p2_wu
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The required settling accuracy is caculated from the SNR requirements as follows
- SNR

Ve =10 20

From the trand ent response we can find the settling time
V\Otseme(pZ_V\M,Va;c) = |tyg—~ O

for il 2.num
tyd — ifé’(err(pz_v\u,WOti) £ Vam)>(‘err(p2_v\u,w0ti_ 1)‘ > Vacc),WOti,tvd[

tval

Settling timeis best found by plotting settling error on alogarithmic axis versestime.

Settling Error vs. Time
1 | | |

01 /\ —
WOt 2,V
0.01F settIeJ aoc) ]

i} —3 ]
H100° |
S .4
£ 110
110 ° .
110 ° =
1107 | | |
0 5 10 15 20

Time (wO*t)
When the nondominant pole is swept, we can see how the settling time varies

rror

Settling Time vs. Non-dominant Pole
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Now we can find the optimum pole placement for settling given a required settling accurecy:
P2 Wuopt(Vagg) = | WOtsetmin = 1000000 P2 Wugpt(Vacg) = 34
opt- O
for il 2..num
WOtget V\Dtsettle(pZ_V\Mi ,Vaoc)
opt = if(thset < thsetmin,pZ_vwi,opt)
WOtsetmin if(V\'Otset < V\OtsetminaV\Otset,V"Otsetmin)
opt




This corresponds to a phase margin of

PM opt(Vacc) = 90 - S I S PM opt(Vacc) = 7361
p éPZ_Wopt(Vaoc) 1]
num:=7
i:=1.num
SNR, := 30 + iX0
- SNR
Vaccl =10 20

Now for the most useful plot of this report: Optima phase margin verses SNR requirements. 76 degrees
represents critical damping. The optima phase margin approaches this as the SNIR requirements get large.

Optimal Phase Margin vs. SNR
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Similarly, the optimal non-dominant pole placement approaches 4*w, for large SNR requirements
Optimal Non-dominant polevs. SNR
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It isinteresting to that optimized settling time is the same as first order settling with a bandwidth of wg, and in
most cases 40% fagter than critica seitling.

SNR
WOtset|in(SNR) = ?Xn(lo)
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Extra comments:

-Third order loops are trickier to andlyze, because their are two variables involved in the settling: phase margin and
gan margin.

-Thisandys's assumes linearity islimited by the exponentia settling error.

-Withided 14 order linear sttling, incomplete settling does not affect SDR.

-For continuous time filters and PLLs the optimum phase margin is low, in the 50 degree range.
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